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Abstract 

In two and three space dimensions, and under suitable assumptions on the initial data, 
we show global existence for a damped wave equation which approaches, in some sense, 
the Navier-Stokes problem. The proofs arc based on a refinement of the energy method 
in0. 

In this paper, we improve the results of [2] and [5]. We relax the regularity of the 
initial data of the former, even though we still use energy methods as a principal tool. 
Regarding [5], the improvement consists in the simplicity of the proofs and in requiring 
less regularity for the convergence to the Navier-Stokes problem. Indeed, the convergence 
result we obtain is near-optimal regularity. 



1 Introduction 

First, let us recall the Navier-Stokes equations that describe the motion of a viscous, 
homegeneous and incompressible fluid 

d t v — Aw = —V : v <g> v — Vp 

V.u = (1) 

V\ t =0 = Vq, 

where v is the velocity of the fluid and p the pressure, assumed to vanish at infinity, in 
the sense that 

p — ► , R -> +oo. (2) 



|-B(0, J B (o,R) 



The hyperbolic version of the Navier-Stokes equations studied here has been obtained 
after relaxation of the Euler equations and rescaling variables (see and [7] for the 
details): 

edttu e + dtu e — Au £ = —V : u £ <£> u £ — Vp £ 

V.u £ = (3) 
(u £ ,d t u £ )\ t= o = {ul,ufj. 

This type of approximation is the same as the hyperbolic perturbation of the heat equa- 
tion introduced and investigated by Cattaneo in the fifties (see [3] and further works). 
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In P], Brenier, Natalini and Puel proved global existence and uniqueness for the per- 
turbed Navier-Stokes equation © with initial data in H 2 (T 2 ) 2 x if^T 2 ) 2 , where T 2 is 
the unit periodic square R 2 /Z 2 , if e < Sq and Sq depends only on the initial data (v,q, u\). 
Moreover, they proved the convergence of the solution to ^ towards a smooth solution 
to flU in the L°°(]0, T[; L 2 (R 2 )) norm, provided that v is smooth. 

In [5], Paicu and Raugel considered the same relaxed model In their paper, 

they proved, again if e is small enough, global existence and uniqueness results for 
([3]) with significantly improved regularity for the initial data. In fact, they need only 
i/ 1 (M 2 ) 2 x L 2 (M. 2 ) 2 regularity, thanks to a Strichartz estimate. In the three-dimensional 
case, they state a global existence result under a natural smallness condition on the ini- 
tial data in H 1+S (E. 3 ) 3 x H 5 {R 3 ) 3 , for 6 > and e small enough. Furthermore, they 
announced improved error estimates in the i? 1 (K 2 ) 2 norm for u £ — v and in the L 2 (M. 2 ) 2 
norm for d t (t(u E — v)) in the two-dimensional case, where u s is as above and v is the 
solution to ^ with v = u £ a G H 1 ^ 2 ) 2 or v = u e G H 1+s { 



In two and three space dimensions and under suitable smallness assumptions on the 
initial data, we prove global existence for the Cauchy problem ^ in H% +d r\H%~ 1+d (K n )" 
in dimensions n = 2 and n = 3. 

Moreover, for all positive T, we prove the convergence in the L°°(]0, T[; L 2 (M. n ) n ) 
norm, with n = 2,3, of solutions to ^ towards solutions to the Navier-Stokes problem 
([1]) with initial data vo G H%~ 1+3 (M. n ) n and s > 0. More precisely, we prove the following 
two theorems. 

Theorem 1. Let T > and < s, S < 1. Let vq G if s (R 2 ) 2 6e a divergence-free vector 
field and (u e ,u\) G i7 1+<5 (R 2 ) 2 x H S (R 2 ) 2 be a sequence of initial data for problem 
Assume 

J IK -v \\& + e IKIU a + £ *II u qIIhi +£^ll u olliji+« + ^IKIIjya = ° ( ef ) 



1 E 1+ i||uf||^= (l). 

Then, for e small enough, there exists a global solution u £ to system ([3]) that converges, 
when e goes to 0, in the L°°(]0, T[; L 2 (JBL 2 ) 2 ) norm, towards the unique solution v to the 
incompressible Navier-Stokes equations ([I}, with vq as initial data. Moreover, there exists 
a constant Ct, depending only on T and v, such that 

sup f \u e - v\ 2 dx < C T e^y . (5) 
te[o,T] Jr 2 



Theorem 2. LetT > and < s, S < 1. Let vo G ii s+ 2(R 3 ) 3 &e a divergence-free vector 
field and (ug,uf) G if2 +5 (R 3 ) 3 x iJ2+ 5 (R 3 ) 3 & e a sequence of initial data for problem © 



suc/i i/ia£ liunll ■ i < te- Assume 



4- v oIIl2 +e||wf||i2 + eiWulWiji + e^||ug|| d | +5 + *f= ||ng||^ i+4 =C?(e5) 
£ 1+ *|KH^ 4+5 +£|Kiy +e'||«§||^| =o(l). 



(6) 



Then, for e small enough, there exists a global solution u £ to system ([3]) that converges, 
when e goes to 0, in the L°°(]0, T[; L 2 (R 3 ) 3 ) norm, towards the unique solution v to the 
incompressible Navier-Stokes equations ([I}, withvo as initial data. Moreover, there exists 
a constant Ct, depending only on T and v, such that 



sup 

te[o,T] 



v\ 2 dx < C T e min(s, ' ) . (7) 
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Remark 1. As a consequence of the assumptions ||uq||^.i < jq and \\uq— vq\\ L 2 = C 

we obtain the smallness o/||wo||^ i , which is a necessary condition to the existence of global 

solutions to the Navier-Stokes equation in R 3 . 

Remark 2. We prove the convergence for initial data vq £ H s+ ~^ 1 (R n ) n , where s > 
and H^~ 1 (M n ) n is the critical space for the Navier-Stokes equation. 



Before going further, we should check up that, given vq, there exists a couple of 
functions (uq,u\) satisfying all assumptions (j?]) in Theorem [TJ for example. First, since 
u\ is not involved in the condition || tig — «o||l 2 = O (e^), we can take u\ = 0. Then let 
Uq be defined by 

Now a Bernstein inequality (see [5] page 24) gives 

IKIIh" ^ {^Y~~ a \\ v o\\iis 
and easy calculations lead to the Jackson inequality 

IK - «o||l 2 < (V^T IKIIjj*- 

Therefore, the conditions Q are fulfilled by at least this particular choice of (uq, u\). The 
same arguments lead to the existence of a couple of functions satisfying the assumptions 
© in Theorem [U 



The energy method we use in this paper is inspired by [5] and refined in order to take 
into account the loss of regularity of the initial data. Therefore, we frequently have to 
use tame estimates and interpolations; this makes the proofs more technical than in [2]. 
Moreover, we introduce a new energy, inspired from the classical one in [2J|S], which 
is more convenient for the spaces we work in. Let us notice that we do not use any 
Strichartz estimate in this paper so the proofs are easier to understand than those in [S]. 
Nevertheless, we lose the natural Strichartz regularity for the global existence results. 



Aknowledgements. I would like to thank my advisers Valeria Banica and Pierre-Gilles 
Lemaric-Rieusset from the Laboratoirc Analyse et Probabilites at the Universite d'Evry- 
Val d'Essonne for their valuable discussions, help and advice. 



This paper is organized as follows. In the next section, we treat the two-dimensional 
case and prove Theorem [T] In the last section, we adapt the results to the three- 
dimensional case and prove Theorem [2] 

2 The two-dimensional case : proof of Theorem [L] 

This section includes three subsections. In the first one, we prove the existence of a local 
solution to (j3|) using the Duhamcl formula. Then wc show that this solution is global and 
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finally we prove the convergence to a solution to the Navier-Stokes equation, which is the 
last part of the statement of Theorem [TJ 



Notation: In the following, let P denote the Leray projection that maps a vector field 
to its zero-divergence part and, to alleviate the notations, let L V T E denote the space 
LP((0,T);£). 



Since P is a convolution operator on M 2 , it commutes with the differential operators. 
So, applying P to problem ([3]), we obtain the damped (nonlinear) wave equation 

(7VWe) \ (u-.ftti")^ = («S,«f). (8) 

which we consider with (v,q, uf) € if 1+5 (R 2 ) x ii^R 2 ). Local existence for this equation is 
admitted in [2l[8]. For the sake of completeness, we give the proof in the next subsection. 
First, we shall perform a scale change, so that we will have to study the same equation 
with parameter e = 1 ; 

(\rrw\f dttu + d t u~Au = -PV:u<X>w 

W LW >\ (u,d t u)\ t=0 = (u , Ul )eH^ s (R 2 )xH 5 (R 2 ). 

In this purpose, let us set 

*M) = ^«£^). 0) 

This scaling transforms system (NLW e ) into system (NLW) with initial data 

uq(x) = \feu £ {y/ex) 
u\{x) = e% u\ (yfex) 

As usual, let us denote by □ the D'Alembert operator: □ = <9 tt — A and rewrite (NLW) 
as follows. 

f Du = -dtU-FV :u®u=:F(u) 

[NLW) \ (u,d t u)\ t=0 = (uq,ui) € H 1+S (M. 2 ) x H S (M. 2 ). ^ 

Duhamcl formula for u solution to (NLW) is then 

u(t) = cos(tA)u + ^r^ Ul + f Sm(( * ~ s)A) F (u(s)) ds =: 4> (u) (t) , (11) 
A Jq A 

where A is the differentiation operator A = \f — A, defined in Fourier variables by 

a/(0 = iei/(0- 

2.1 Local existence in H 1+s n H S (R 2 , M 2 ) 

We show local existence for (NLW) in the complete metric space 

X T (a) = {(f,d t f)eL^(H 1+5 nH s )(R 2 )xL^H s (R 2 ) : V./ = , (12) 

ll/llxr := ll/lli~JJi+« + ll/lli5?fl-« + \\ d tf\\L«?HS < a ] > 

with a > and < T < 1 to be chosen later. Let < t < T. 
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In the following, we use two facts: first, H 1+s n H S (M. 2 ) is an algebra (see the book 
by Alinhac and Gerard pQ) and the inequality 

WfaW H 1 + s nH s <C(\\f\\H^h\\H S + \\9\\m + A\f\\^) (13) 

holds for all f,g £ H 1+s n H s . Secondly, since u is divergence-free, one can easily check 
that 

V : u ® u = uSJu. 

We want to apply the Picard iteration theorem. So we shall start by looking for suitable 

reals a and T such that Xx(a) is stable under <j>. 

Let (u,dtu) £ Xt{o). Using Duhamel formula (|TT|) . we have 

sin((f - s)A) 



U{u){t)\\ 





sin (tA) 






M 0|lijl + 6 + 


A Ul 


-i 


/' 




H l+S 


Jo 



A 



< ||uo||ji+* + + / \\d t u(s) + ¥(uX7u)\\ H sds 



-F(u(s)) 



ds 



< Ikoll Hi+s 



Now let us consider the integral term. 

' \\d t u(s)+V(u.Vu)\\ HS ds < f (\\d t u(s)\\ HS + ||P(tt.Vu)||#>) ds 

Jo 

< r(||am|| i «^ + ||P(«.v«)|| i »^) 

Using the identity 

n n 

/•v/ = J2 E 

i=l i=l 

that holds for any divergence- free vector / valued in R n , we have 

2 2 



(14) 



i=l 



i=l 



thanks to inequality (flU)) . Thus, we have the following estimate 

U(u)(t)\\ H1+s < \\uoUi+ t + \\ui\\ A s +Ta(l + 4Ca) . 

In order to estimate the H S (R 2 ) norm of <p(u)(t), we use that the operator 
bounded for all positive t and that its norm is less than 1. 



(15) 



sin(tA) 
tA 



is 



H(u)(t)\\H> < IMI 



sin (tA) 



< \\ u o\\ H s+T 



A 

sin(tA) 



Ul\\ H s + 



sin((t- s)A) 



A 



tA 



-Ul 



+ / (t-s) 
HS Jo 



F(u(s)) 



sin ((t - s)A) 



ds 



(t s)A 



F(u(s)) 



ds 



< 



u \\ H5 +T\\u 1 \\ HS + / (t-s)\\F(u(s))\\ H5 ds. 



Now 



(t-s)\\F(u(s))\\ HS ds < T (\\d t u\\ HS + \\u.Vu\\ HS )(s)d 



< T [ (||«|| XT +4C||u||^ 1+ , nd< )(a)ds 
Jo 



< T I \\u 



■4C\\u\ 
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Filially, 

\\<Kv)(t)\\fr < ||uo||^+ri| Ul ||^+r 2 (a + 4Ca 2 ). (16) 

Similarly, we have 



\\dt[<f>{u)}(t)\\^ < || - Amn(tA)uo||£* + || cos(tA)«i|| A , + / || cos ((t - s)A) F(u)(a)\\& ds 

Jo 

< ll u ollffi+^ + \\ u i\\hs +T (\\d t u\\ L¥tis + AC \\ u \\ 2 L ^ { m+snHS)) 

< + IMIjj* + Tei (1 + 4Ca) . 
Finally, we obtain the estimate 

H{u)\\x T < 2(\\u \\hi +S + \\ui\\hs) + \\u \\ As +T||ui||^ +aT{2 + T){l + ACa). (17) 
Let us set a = 4 (||uo| fjs + \\ u a\\ hi+s + || M i|| fit) and T < 1 such that : 

T^ + aT{2 + T)(l + 4Ca) < ~. (18) 
Since T < 1, it is sufficient for T to satisfy 

T ^ whcaj - (19) 
With a and T chosen that way, the space Xx{a) is stable under <fi. 

It remains to prove that 4> '■ Xt(cl) — > Xx(a) is contractive. So let (u,dtu) and (v,dtv) 
be two elements of Xt{cl). Again using Duhamel formula ([TTj). we have 

\<j>{u)-<t>{v)]{t) = f sm (^~- s ) A ) (d t v + ¥(v.Wv)-d t u-¥(u.Wu))(s)ds 
Jo A 

f sin((t — s)A) .„ . . m „ , ,. . „ , 

; - [d t (v - u) +PV : v-u®u)] (s) ds. 



A 

Let us calculate the At norm of </>(«) — </>(v) 



II — 0(^)1 (*)IIj3-i+«(r2) < / \\dt(v-u)+¥V : (v®v -u®u)\\ fr^ds 

J 

< T(\\d t (v-u)\\ L¥A6{R2) + \\V : {v®v~u®u)\\ L¥ ijS(R2)) 

< T [\\v - u\\ Xt + : {v®v -u®u)\\ L <* ■ 
Now, since u and v are divergence-free, one can check easily that the identity 

V : (v (8 v - u ® u) = (v - u).Vv + u.V(v - it) (20) 
holds and we can write 

II [<Ku) - <K«)] (t)\\Hi+* < T - u Ut + \\(v - u).Vv\\ L¥ „ 5 + ||u.V(« - u)\\ L „ 6t ) 

< t(\\v-u\\ Xt + iC\\v - u\\x T \\v\\ L ^^+'nH^ + 

+4C||u|| i??(J j 1+5nJ j 5) ||i; - u||x T ) 

< T (l + 4,C\\v\\ L¥{ j 11+6n ^ 6) + 4,C\\u\\ L?(]kl+5nAs) j \\v - u\\ Xt 

< T{l + 8Ca)\\v-u\\x T - 



Besides, we estimate the H norm as follows 



\\[<Ku)-mw)\\&» < / (*-*) 



ii 



sin((i - s)A) 



(t - s)A 



(ft(z; - u) + ¥V : (v ®v - u<g>u)) (s) 



ds 



< T (\\d t (v -u)\\jjs + ||V(u®u- it (8 u)\\ A i) (s)ds 

Jo 

< T 2 (\\v - u\\ Xt + \\(v - u).Vv\\ L ^^ s + \\u.V(v - uJH^oojjs) 

< T 2 (l + 8Ca)\\v -u\\ Xt . 



Now, computing dt [4*{u) — 4>{v)} (t) and estimating its H S (M. 2 ) norm, we obtain 



||9tW«)-0(«)](t)||ff* < / || cos ((t- s)A) [ft (» -u) +PV : («® «-«»«)] (s)<te 



< T 



(ll<9t(« - ")IIl5?h5 + ll( u ~ w).Vw|| i?? ^ + ||u.V(u - 
< r(l + 8Co)||«-u||x T - 
By similar computations and using (|20[) . we have the estimate 

||0(u) - 0(»)||jt T < T(2 + T) (1 + 8Ca) ||v - u|| Xt (21) 
so <j> is contractive if 

t(2+t)< (TtW' (22) 

or, since T < 1, if 

T< 3(lT8^)- (23) 

Combining conditions (HHJ) and (pS5)l above, we deduce the local existence of a solution to 
(NLW), defined on [0,T[, for all positive T such that 

T < v . (24) 

12 + 48C (J|wo|Ihi+s( R 2) + ||wo||ffs (R 2) + \\ui\\h S{r2) J 

In particular, as long as ||u(t)||x := ||u(t)|| h^^r 2 ) + ^(r^ + II^WII h s (w 2 ) rem ains 

bounded, we can iterate the fixed point argument and extend the solution. 

2.2 Globalization 

Let us resume the initial equation (NLW e ). One can easily check that 

IK*)IU = ^ (VelKllffi+^RS) + ll u£ H^(R2) + 4dtu e \\HS {R 2^ ■ (25) 



Then, for all non negative real S and all non negative t, we define the energy 

El(t) = I (-|A*(u e + ed t u e )\ 2 + — \A s d t u £ \ 2 + e\A 1+s u e \A dx (26) 
so that we have 

(^\\u £ \\ hl+S(m + \\u £ \\ hS(R2) + e\\d t u E \\ tiS[K2) \ <Ce^<J~E~l. (27) 



In this subsection, we shall prove the following inequality that yields the globality of the 
solution. 

E s e {t) < C e- S (28) 
for all t > 0, where Co is a universal constant. 

First, let us point out that H 1+i> n L°°(M. 2 ) is an algebra and that the product estimate 

WfaW ^Cidl/H^NIoo + NlH^II/IIJ- ( 2 9) 

holds (see [T]) for all functions f,g £ H 1+s n i°°(R 2 ). Moreover, we know that the 
homogeneous Beso^ space B\ ^(M 2 ) embeds into L°°(R 2 ) and, interpolating, we obtain 

ll/lloo < C\\f\\ 6ii < C 2 \\f\\% s . . (30) 



Lemma 1. Assume the following, when e goes to zero 
(H) 



i) e 2 lkolljji+« + £ 2 IKII^ = °(!) 
«) ^H«ollffi+e||«ilU»=o(l). 



Let us define < T < T £ m ax 6y 



T = sup|0 <r<Tf ax : Vte[0,r[, H^^IU < j . (31) 

Then, fore small enough, there exists a large number N , only depending on S and \\uq\\ L 2 
(which is arbitrary) , such that, for all < t < T, 

Ef(t)<E s e (0)(2\\ul\\l 2 + l) N . (32) 
Proof. Let us compute the (time) derivative of E^. 

(t) = J A s (ed tt u £ + d t u £ ).A 5 (u £ + ed t u £ ) + e 2 A 5 (dtu £ ).A 5 (d tt u £ ) + 2eA 6+1 (d t u £ ).A s+1 (u £ 

= J A s {ed tt u £ + d t u £ - /Au £ ).A s (u £ + 2ed t u £ ) - e\A 5 d t u £ \ 2 - |A 5+ V| 2 

A 5 {u £ .\7u £ ).A 5 u £ - 2eA\u £ .\7u £ ).A 5 d t u £ - e\A s d t u £ \ 2 - |A 5+ V| 2 



dEj 
~dT 



Performing a classical Young inequality 2ab < a 2 + b 2 and rearranging the terms, we 
obtain 



dEj 
dt 



(t) < -J A s (u £ .\7u £ ).A s u £ + J \A 5 (u £ .\7u £ )\ 2 - J |A 4+ V| 2 J 



Now, let us recall that 

2 2 

u £ .Vu £ = ^u £ d lU £ = ^8^1^) (33) 
i=i t=i 

since u £ is divergence-free. Now, (|2T)|) yields 

2 

|K.Vix £ ||- s < X) ll*(«i u<t )llj' < 4 Ci|l" S ||oo||u s || i ji +s (34) 
1=1 



1 For definitions and properties of the Besov spaces, see the book by P.-G. Lemarie-Rieusset [6] 



Thus 



J K 6 {u e .Vu e )A 6 u s dx 



< l|tt e .V« 8 ||^||« e ||^ 



H 1 + S \\ u \\H S 
2- 



< ^lIKHool 

< 4C 1 C 2 IKII^IKII^IK I! 



The interpolation inequality 
yields finally 



(35) 



J A s (u £ .Vu £ ).A s u £ dx 



< 4CiC 3 c 3 \\u%-> (IKIMKH A5 ) 5 (36) 

Besides, since we assume i) and using inequality (|30[) . we can write, for e small enough, 

1 



•'011°° 



< 



(37) 



Now, by continuity of the (local) solution u e with respect to t, wc deduce T > and the 
inequality 



e J \k\u £ .Vu e )\ 2 - J \k 5+l u e \ 2 < (l6Cfe||n e ||^ - 1) /"|A 5+1 i 



,£|2 



< 



(38) 



holds on [0,T[. 

Hence, for all < f < T, 

jE s s {t) < -\\\u% 1+l +4C 1 C 2 C 3 \\u s \\l- s (\\u s \\ Al \\u £ \\ k s) 5 ||u e ||^ 4 . 
Now, consider the second term on the right hand side and use Young inequality 

a& < - a* H — fr 2 -- 5 

5<5-2||„,e||2-(5 



(39) 



(40) 



df £ w ~ 4 



1 ) IKIIW* + 5 (2 2 - , 4C 1 C 3 C 3 ||« 8 ||^||« 8 ||^||t t e ||^)' 



< | 2 a ^ S (4C 1 C 2 C 3 )t||u e ||^||« e ||^ 1 ||u e ||^. 



Then the inequality 



||fl + 6|| 2 + ||«-6j| 2 = 2|| a || 2 + 2||6|| 2 > 2||6|| : 



11 u 

with a = — + sdtu 6 and 6 = — yields, for all non negative S, the estimate 



E 8 e {t) > \\ u £ + ed t u% 5 + \\ed tU % s > \\\u°f 



from which wc deduce 



jE s e (t) < S 2 2 ^(4C 1 C 2 C 3 )?||^||2 iTi ||^|| 2 ffl ^W. 



(41) 



(42) 



(43) 
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Instead of showing that t i-> E £ (t) is decreasing, we will prove that E S (E° + 1) N 
decreases if N is large enough. Even though this new energy does not seem natural, it is 
more convenient than E s + NE® since the latter would have required a smallness assump- 
tion on the L 2 norm of u§. But this would yield a weaker result than one might hope 
as the Navier-Stokes equation with initial data in L 2 (R. 2 ) unconditionally has a global 
solution. 



First of all, let us notice that J ffi „ /-(/.V/) = for all divergence- free function / and 
that (see inequality 



dEl 
~~dT 



(«) < --rlKWH^. 



We use it in (|4"5")) below. 



j t [{El + l) N E s e ] 



N^-(E° e + l)"" 1 ^ + (E° £ + l) N ^- 



'H 1 



-N + 6 (leCiCaCaJ^C^ + lJKHa 



Under the assumption Hi), we have 



\u £ + eu\\ 2 + e 2 \u\\ 2 



e\Vul\ z dx 



< u 



< 2 Ik; 



e n 2 , ot ||..ei|2 



-5-Kll2+£|l«oll^i 



1 1 2 



(44) 



(45) 



if e is small enough. Now, (|42j) with <5 = yields 

||u e (t)||! < 2E° e (t) < < 
for all t G (0,T). We have obtained 



E||2 

2 



(46) 



-[(^ + 1)^] < -(S°+l) Ar - 1 ^||^|| 2 ffl + 5 (16C 1 C 2 C 3 )*(4|l Wo ||l) 



,E||2 



II2 + 1) 



"-Oil 2 

(47) 



We deduce that, for N large enough (depending only on 8 and 1 1 -ug | j 2 ) , the right hand side 
is negative and 



E°(t) < E s e (0)(E° e (0) + 1) N < ^(0)(2|K||1 + 1) 



for all < t < T. 



(48) 
□ 



We want to reiterate the reasoning, i.e. to keep the control of ||u e (i)||oo- The aim of 
Lemma [2] is to ensure this control throughout the time. 

Lemma 2. Assume the limit 

e 1+ 'Klljf* — >0 , e^Q (49) 
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in addition to the assumptions (H) in Lemma{^ Then the inequality 

e!(o) < jti^z- 5 (nuX + i)- N - (50) 

holds for e small enough. Moreover, for all t G [0,T[, 

IKIU < 16^- (51) 

Proof. Easy calculations show that ((511)) is true as a result of (H) and (|49p. Now, let 
t € [0, T[ and recall interpolation inequality (f3"0)) 

ii^ii=o<c 2 |i^ii^ii^ny; 5 . (52) 

Thanks to inequality (U2J), we have 

||« £ (i)lloo < C 2 ^2El(t) ^e-^EKt) * = Ctfi Je^) . (53) 
Using ((32)) (conclusion of Lemma [TJ and (|50| , we obtain 

IKWIUiC^^L,-^^ (54) 
for all < i < T. □ 



Remark 3. Under the assumptions (UJ) in Theorem]]^ the conditions (H) in Lemma{l\ 
and (|49[) in Lemma fj| are fulfilled. 

Now, we shall prove that these estimations (on ||M £ (t)|| 00 and, consequently, on E s e (t)) 
remain true on the whole existence interval [0,T™ ax ), where T™ ax is the existence time 
given by the Picard iteration in subsection 12.11 We have already proved that T > 0. 
Assume T < T™ ax . Then 

Halloo = g^=. (55) 
On the other hand, (|51|) in Lemma [5] yields 

which contradicts ([55)) so T > T £ max . We deduce then from Lemma [1] and Lemma [2] 
that satisfies inequality (H| on the existence interval [0, T e max ). Therefore the (iVXW e ) 
equation has a global solution. 

2.3 Convergence towards a solution to Navier- Stokes problem 

Let us recall that Brenier, Natalini and Puel showed in [5] that, under suitable assump- 
tions, the solutions to (NLW e ), with initial data (uq,u\) £ H 2 x 7J 1 (T 2 ), converge to the 
solutions to (NS) with smooth initial data vo when e goes to 0. The authors used the 
modulated energy method (see [2] and references therein) to show an error estimate in 
the L^L 2 (T 2 ) norm, for all positive T. 

In this section, we show a similar result with less regularity on the initial data (uq, u\) 
and Vo, in K 2 instead of T 2 . Indeed, we prove that, under suitable assumptions (less 
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restrictive than those in [5]) and for any positive i5, the solutions to (NLW £ ), with initial 
data (uQ,uf) € H 1+s x H S (R 2 ), converge in the L 2 (R 2 ) 2 norm, when e goes to 0, to the 
solutions to (NS) with initial data vo <E £P(R 2 ) 2 , s > 0. We recall here that the critical 
space for the Navier-Stokes equations in M 2 is L 2 . 

Because of the loss of regularity, the proof is not straightforward anymore. Interpolation 
and product estimates will help to get around the difficulties. 

We shall start the proof like in [2] , introducing the so-called Dafermos modulated en- 
ergy, which is the total energy of the wave equation (NLW e ), modulated by a divergence- 
free vector (t,x) i— > v(t,x) 

E S)V (t) = J ^ (^\u £ - v(t,x) + ed t u £ \ 2 + ^\d t u £ \ 2 + e\\7u £ \ 2 ^J dx. (57) 

This energy satisfies the inequality 

/ \u £ -v\ 2 dx <4E E , v {t). (58) 
Jr 2 

Via a Gronwall inequality, we shall show that, for all positive t such that t < T, the mod- 
ulated energy E e _ v (t) converges to when e goes to 0. In this purpose, let us compute 
the time derivative of E e _ v . 

Lemma 3 (see [5]). If u e and v are divergence-free functions, the Dafermos modulated 
energy satisfies the identity 

d -E e , v (t) = fv.V : (u £ -v)®(u £ -v)-e ( \d t u e + V : {u £ ® u £ )\ 2 



dt 



-e 



d t v.d t u £ + J (e|V : (u £ <g u £ )\ 2 - \V{u £ - v)\ 2 ) 
+ I (dtv + v.Wv - Av)(v -u £ ). (59) 



Remark 4. This lemma is proved in J^j but the computations are somewhat different 
here. 

Proof. 

d E /* 

—^-(t) = / ((u £ -v + ed t u £ ).(d t u £ -dtv + ed u u £ ) + e 2 dtu £ .d u u £ + 2eVu £ .d t Vu £ )dx 
dt 1-02 



(d t u £ + ed t tu £ ).(u £ + ed t u £ ) — I v.(d t u £ — d t v + ed t tu £ ) 
u £ .d t v-e [ d t u £ .d t v + e 2 [ d t u £ .d tt u £ - 2e [ Au £ .d t u £ 



[ (sdt t u £ + d t u £ ~ Au £ ).{u £ + 2ed t u £ )+ [ Au £ .u £ -e[ \d t u £ 
Jr 2 Jr 2 Jr 2 



+ / [v — u £ ).d t v — I v.(d t u £ + ed t tu £ ) — e j d t v.d t u £ 
Jr 2 Jr 2 

Now, recall that u £ is a solution to (NLW e ). So 

dEe ' v -(t) = - f V : (u £ ®u £ ).{u £ + 2ed t u £ )- I |Vu £ | 2 - s I \d t u £ \ 2 



dt 

+ I (v — u £ ).(dtv + u.Vjj — Av) — I (v — ?i e ).(u.Vi' — Av) 



v.(d t u £ + ed t tu £ ) — e / d t v.d t u 
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Then gather the perfect squares. 

^N*) = - £ / |a t w £ + V : (u £ ®u £ )\ 2 +e f \\7 :(u £ ®u £ )\ 2 

+ / (v-u £ ).(<9 t v + t;.Vv- Av)+ / !t £ .(ii.Vti) - / |Vw| 2 

JR 2 JR 2 Jr 2 

+ / Vu £ .Vv- v. (Au £ - V : (u £ ® w £ )) - e / d t v.d t u £ 

JR 2 JR 2 JR 2 

= -e ( \d t u £ + V :{u £ ®u £ )\ 2 +e t \\7 : {u £ ® u £ )\ 2 

JR 2 it 2 

+ / {v-u £ ).(d t v + v.\!v- Av)~e I d t v.d t u e - l |V(u e -w)p 



+ / u e .(w.Vu) + / n.(u £ .Vu £ ). 

JR 2 JR 2 

It remains to show that 

u E .(u.Vw) + / v.(u £ .Wu £ ) = v.V : (u £ -v)<E>(u £ ~v). (60) 
Jr 2 Jr 2 

In this purpose, let us write 

w £ .(w.Vi') = ^it^j(9^) (61) 
and, using that u £ is divergence-free, 



'■J 



'■J 

Adding the two expressions, we obtain 



J u i u j( d i v j)- 



JR 2 J~ JR 2 

= — / {diU £ )v.j(vi — u £ ) car V.M e = V 
• " JR 2 



w = 



V : (u £ - v) <g) (u £ - v) - ~y / (diVj)Vj(vi - u £ ). 



Since u £ — v is divergence-free, integrating by parts gives 

V/ {d l v J )v j {v l -uf) = - V / ^(^^(ui-uf), (62) 

from which we deduce (joT))) . □ 
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From now on, let v be a solution to the Cauchy problem 

d t v = Av -PV : v®v , V.w = , v\ t = = v e H s (M 2 ), (63) 

where s is a positive real, so that the last term of (|5!)|) vanishes. Now, since the second 
term in the identity ((59)) is negative, (|59| writes 



^-E e ^ v (t) < —e ( d t v.d t u € dx+ f v.V : (u e — v) ® (u £ — v) dx 
dt Jr 2 Jk 2 

+ / (e|V : (u £ ®u s )\ 2 - |V(u £ - v)\ 2 ) dx. (64) 
We shall treat the three terms on the right hand side in the following three subsections. 
First, let us recall the Duhamel formula for Navier- Stokes equation (i63l) : 

v{t, .) = e tA v - f e ( '^ )A PV : (v ® v)(s, .)ds. (65) 
Jo 

Computing the time derivative of (|65|) . we obtain 

d t v(t, .) = Ae tA ti — PV : (v ® v)(t, .) - / Ae (t_;s)A PV : (v <g> u)(s, .) ds. (66) 

Jo 

Remark 5. //«o G -ff s (K 2 ), i/ien, for all positive T, the solution v to (|63|) satisfies 

v 6 L|iT +1 (R 2 ) n L^H S (R 2 ). (67) 

2.3.1 Estimating e j^J^ Otu 6 dtv dt dx 

In order to bound the integral by a positive power of e, we shall find spaces L^H a (M. 2 ) 
and L q T tl <y (M. 2 ) containing respectively dtv and edtu £ . 

Step 1: Regularity of dtv. 

Lemma 4. Let 6 € [0, 1[ and x) oe a solution to equation (|63[) . Then, for all < e < 
s, 

G LPij a (R 2 ), (68) 

^ ^ ^ 1 j ^ 

w/iere - = — — +6= — — and a = (1 - 6)(s - 1) + 0(s - e) = s - 1 + 0(1 - e). 
p 2 2 

Proof. Recall that 

.) = Ae iA « - V : (v <g> t>)(t, .) - / Ae (t " s)A V : (« <g> w)(a, .) ds. (69) 

Jo 

We shall start considering e tA vo- 



T 

o J£ei 



\e tA vo\\ 2 nHS+1 = / / \e s+2 e- 2t ^ \M0\ 2 d£dt 



' £ \{\ 2 e- 2m2 dt^j d£ 



< 



\e s \v (o\ 2 

£eR 2 

\e s m)\ 2 i-\e- 2T ^ + 1 -) 

^eR 2 V 1 

\e s \vo{0\ 2 <% = \\v \\%, 

feR 2 
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Therefore Ae iA w G L^H 3 - 1 . Further more, if < e < s, we have 

iiA e tA «oii^- E - = / \e s - 2i+4 e- 2m ' 2 \v m 2 ^ 

Jem 2 



m 2s \v (o\ 2 ) (\z\ 4 - 2i e-^ 2 ) d£ 

< sup ur 2i e-^ 2 ) x / \e s m)\ 2 ^ 

£eR 2 v ' J^eR 2 



1 ,2 



Thus 



and 



2t 2-e ii-uilff-- 

|Ae tA «o|| £ i A ._, < -J= |K||^. ^ ^di < oo (70) 



Ae tA v € L 2 T H S+1 n L^H S ~ £ . (71) 



Let us consider now the term V : (v ®v). Using remark [5] and a classical Sobolev 
embedding, we have v G L^L°° n L^H S . Since n H s is an algebra (see [I] page 98), 
we deduce that 

(v ® u)jj = UiUj G L^fF (72) 

Consequently, 

V : (»®») G L%ii s - X . (73) 
Moreover, using that v G i^i/ ;!+1 (]R 2 ) and iP +1 (IR 2 ) being an algebra (see [T|), we obtain 

(txgiu)^ = UjUj G LyH s+1 (K 2 ), (74) 

and V : (v ® u) G L^id s (R 2 ). 

Interpolating between L 2 ^i/ S ~ 1 (R 2 ) and L\iL s ~ e and taking 6* G [0, 1], we have 

The following theorem (proved in [6] page 64), applied to PV : (v <Ei v), allows us to 
conclude immediately that the integral term is also in Li+s £p-i+0(i-£) for all 9 G [0, 1). 

Theorem 3 (Maximal L p L q regularity for the heat kernel). Let A be an operator defined 
by 



f(t, x) i ^ Af(t, x) = / e<*-> A A/(s, x) da. (76) 
Jo 

TTien A is bounded from L^L q (M. d ) to itself for all reals T>Q,l<p<oo and 1 < q < oo. 



□ 

Step 2: Regularity of edtif . 

Lemma 5. Let < 9 < 1 and u £ 6e a solution to (NLW S ). Then 

ed t u £ G L q T H a '{E. 2 ) (77) 

where — = and a' = and 

9 2 



1-8 05 



^W=0 U T_T ■ (78) 
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Proof. First, let us show that 

ed t u £ G L 2 T L 2 (R 2 l£ - 1/2 dx) n L^H S (R 2 , e s/2 dx). (79) 
In this purpose, let us consider the energy 

E° E (t) =: (hu £ + ed t u £ \ 2 + £ -^\d t u £ \ 2 + e\Vu £ \ 2 ^ dx (80) 

and differentiate it. A simple calculation gives us 

^E° E (t) + e [ \d t u e + V : (u £ ® u £ )\ 2 dx + [ {\Vu £ \ 2 - e\V(u £ g> u £ )\ 2 ) dx = 0. (81) 

Thanks to the control of the norm ||m £ ||oo by the last term in the right hand side is 

positive and we obtain 

E°(T)+ [ [ e\d t u £ + V :{u £ ®u £ )\ 2 dxdt + [ [ h \7u £ \ 2 dx dt < E°(0) < C . (82) 
Jo Jr 2 Jo Jr 2 2 

Therefore, we have that JqJ r2 e\d t u £ + V : (u £ ®u £ )\ 2 dx dt < C and JqJ r2 \\Vu £ \ 2 dxdt < 
C which gives 

ef f |V : (u £ ®u e )| 2 d2;dt<e||u e ||oo / / |Vu 6 | 2 dx dt < C. (83) 
Jo Jr 2 Jo Jr 2 

Consequently, 

|| Ved t u £ \\ 2 L 2 L2 < 2 f [ e\d t u £ +V:(w £ ® u £ )\ 2 dx dt + 2e [ [ \u £ .V u £ \ 2 dx dt 
T Jo Jr 2 Jo Jr 2 

< 2C + 2C = 4C, (84) 
i.e. \fedtu £ G L\L 2 uniformly in parameter e. 

Moreover, directly from the expression of E E and from ([2"5]l . we deduce that 

W^W^A'pe) = ° • (85) 

Now, interpolating between the two spaces in (f79|). we obtain (f77|) . □ 



We will now choose un appropriate < 9 < 1, such that 

£ / / d t u £ d t v dtdx — ► , e -> 0. (86) 
Jo Jr 2 

So we should have 

-1 + 9(1 + 5) <0+=+0<9 < (87) 

so that the power of e controlling the integral is negative. Moreover, L q T H' J is the dual 
space of L^H a if a' = —a , i.e. 

1 - s 



1 + 5-e 

This value of 9 satisfies condition ([57)) and gives us 

e CI d t u £ d t v dtdx = o( = o {en t (89) 

.In ./nj2 V / 



s(l +6)-i 

with i/ = — > 0. Notice that < v < # and that v can be chosen arbitrarily 

2(1 + 5 -e) 2 

close to 
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2.3.2 Estimating J^J R2 v.V : (u £ — v) ® (u £ — v) dtdx 
Lemma 6. Let v and u £ be as above. We have 

Tr fT 1 ,T 

v.V : (u £ ~v)®(u £ -v) dtdx < 2 / \\v\\ 2 BMO E eyV (t) dt+- ||V(u e -v)||| 2 . (90) 
>o js. 2 Jo 2 J 

Proof. Let us recall that v(t) e ^(M 2 ) C BMO(R 2 ) (see remark[5]) and that the solution 
of the wave equation (NLW e ), u e (t), is an L 2 (R 2 ) divergence- free vector. The following 
theorem applies. 

Theorem 4 (div-curl lemma, see [3]). Let f be an L 2 (R 2 ) divergence-free vector and 
g S ij^JR 2 ). Then 

f.VgeH'iM 2 ), (91) 
where ^(R 2 ) is the Hardy space constructed on L 1 (R 2 ). 

Using the duality of Hardy space "^(R 2 ) and BMO(R 2 ) (proved in 0), we write 

v.V : (u £ - v) <g) (u £ ~v)dx< c\\v\\ BM o\\V : (u £ - v) ® (u £ - v)\\ H i, 

where d is a universal constant. Then the div-curl theorem (Theorem 2]) applied to the 
T-L l norm in the right hand side yields 

v.V : (u £ —v)® (u £ - v) dx < c\\v\\ B mo\\u £ - v\\ L 2\\V(u £ - v)\\ L 2 

c 2 1 

< -^\M 2 bmo\\ u£ - v \\l 2 + ^ V ( u£ - ^)Hi 2 

(f58l I 

< 2c 2 \\v\\ 2 BMO E £ , v (t) + -\\V(u £ - v)\\ 2 L2 

by a Young inequality. Therefore, we have showed (|9"D"|) . □ 



At this level, we have the following inequality 

E B , v (T)-E e , v (0) < 2c 2 J \\v\\ 2 BMO E E . v (t) dt+O {?)+] (e||V( U £ ® u £ )\\ 2 L2 - ^\\\7(u £ - v)\\ 

(92) 

Let us call A £ the term that remains to estimate : 

T ^di = ^ T ^||V(^®^)|| 2 2 -i||V(^- v )||l 2 ) dt. (93) 

2.3.3 Estimating Jq A 6 dt 

The aim of this part is to prove the following lemma 

Lemma 7. Let v and u £ be as above. Then, for all positive T and for some positive [i, 
we have 

[ A £ dt= [ [ (e\V{u £ ®u £ )\ 2 - i|V(u £ - v)\A dtdx = O(e^). (94) 
Jo Jo Js. 2 V 2 / 
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Proof. First, let us write 

V(u £ <g> u £ ) = u £ .Vu £ = u £ .V(u £ -v) + u £ .Vv 
then perform a Young inequality 

\V(u £ ® u £ )\ 2 < 2\u £ .V(u £ - v)\ 2 + 2|u £ .Vi;| 2 . 

So we have that 

A £ = ef \V(u s ®u s )\ 2 -hv(u £ -v)\\ 2 L2 

< 2e I \u £ .\7(u £ ~v)\ 2 + 2e [ \u £ .\7v\ 2 - -|| V(w £ - v] 

Jm 2 Jm 2 2 

1 
2 

< 2e / |w £ .Vtf < 2e||u £ ||| 00 / |Vv| 2 = O (e s ) 

Jr 2 Jm 2 

since we have (see and assumptions Q) 

KIU- < CilltiSll^lluSH^ < e-- s x £ i* x e-^d-O x e f M = 
Then we have obtained the lemma, with (j, = s : 



< (2e\\u £ \\ 2 Laa - - ) j \V(u £ ~v)\ 2 + 2e / |tt e .Vv| s 



/ A e ^ = C(e s ). 
Jo 



2.3.4 Conclusion 

Gathering the results in the previous three subsections, we obtain 



T 

2 



E e . v (T)<2c 2 / \\v\\ BMO E StV (t)dt + 0(e v ) + 0(e s )+E StV (i 
Jo 

Assuming that 

\\u e - v \\ L 2 = O (ei) 
in addition to assumptions (H) and (35]), we have 

E e ,„(o) = 0(o 

by the triangle inequality. 
It follows that 

E B , V (T) < 2c 2 I \\v \\ 2 BMO E £ , v (t) dt + O (e v ) + O (e s ) . 
Jo 

s(l +S)-i s . 

Now v = — ; 7 < - since s < 1 so 

2(1 + 6 -e) ~ 2 

EeAT) < 2 / ||«b|||iifo^e,«(*) dt + O (e u ) . 
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Gronwall lemma (and v e L^BMO(M. 2 )) yields 

E e , v (X) = 0(e v ) (104) 
for all positive T and, using inequality ([55)) 

/ \u £ -v\ 2 dx <4E E , v (t), (105) 

we deduce the convergence in the L^?L 2 (M. 2 ) norm of u e solution to (NLW e ) towards v 
solution to the (NS) equations with initial data in H S (M. 2 ) 2 , where < s < 1. Theorem 
[T]is now proved. 



3 The three-dimensional case : proof of Theorem [2] 

In this section, we shall follow the plan of the previous one: we shall start by showing 
local existence for the damped wave equation (NLW e ) then we shall globalize the local 
solution u £ and finally prove the convergence of if towards the solution to Navier-Stokes 
problem with initial data in H S+2 (W. 3 ) 3 and < s < 1. Let us recall again that the 
critical space for (NS) in R 3 is H 2 . The main difference between section [5] and this one 
is in the last subsection. 

3.1 Local existence in h'I u n H* +S (R 3 , M 3 ) 

We apply the same fixed point method as in the two-dimensional case. We perform the 
same scale change jSJ) and retrieve system (NLW) with initial data (uq, «i) € H 2+s (R 3 ) 3 x 
H 2+ 5 (R 3 ) 3 . Let us recall Duhamel formula for the wave equation (NLW) : 

, . . . . ... sin(iA) f sin((t — s)A) , , , 

(j>(u)(t) = cos(tA)u + — T—t-ut + / — ^- — —F(u(s)) ds, (106) 

A Jo A 

where F(u) = —dtu — PV : it ® u. 

We shall prove local existence for (NLW) in the complete metric space 

X T (a) = Uv,d t v) g L^(Hi +s C\H^ +S ) x LfH^ +s : V.u = , (107) 

Hxt == ll«ll i?>A j+< + IMIi-ai+« + U^L-* *+' ^ a } ' 
with a > and < T < 1 to be chosen later. Let < t < T. 

As in subsection 12.11 for the two-dimensional case, we shall use the fact that the space 
is an algebra and that the inequality 

||/ff||^ + ^ i+5 <c(||/||^3 + J| fl ||^ + , + ||/||^ + ,|| ff ||^ + ,) (108) 

holds for all f,g£H§ +s nHi +s . 

Let us start the estimates on the Xt norm of 4>(u). 

U(u)(t)\\^ +S < \\M 6 i + s + IMI^ + » + [ II Sm ((t A S)A) F (u(s)) \\^ +s ds 
< \\ u o\\^^ + s + H^iH + / \\F(u(s))\\^i +s ds. 



19 



Now consider the integral term. 



\\F(u(s))\\^ i+s ds < J \\d t u( S )+¥(u.Vu)\\ tii+s ds 



< f (\\9 t u(s)\\ A i +s + \\¥(u.Vu)\\ Ai+s ) ds 



< T[\\d t u\\ L ^ +s + \\u.Vu\\ h+s 



Using (fT4")h we have 

3 3 



\\u.\7u\\ k i +s < ^||a i (u l M)||^i +s < hiu\\^3 +s < 3 x 2C||'ix|| i;r i +i ||u||^3 +3 

i=l i=l 

since (fTUS)) holds. So 

f 11* («(-)) * < r (llfttiH^^ + 8C||«|| LSf (109) 



which yields 



U(u){t)\\ Ai+s < \\uo\\^ +s + + Ta (1 + 6Ca) . (110) 



By similar computations and using (|108p . we obtain 

U(u)\\ Xt < 2\\u \\ ki+s + \\u \\ Hi+6 + 2|| Ul |y +5 + T\\ Ul \\ Hi+s + aT(2 + T)(l + 6Ca). 

(Ill) 

We choose 

a = 4 (||«o|| A i +4(RS) + |K|y + , (R3) + IKII d i + s (R3) ) (H2) 
and T < 1 such that 

T^ + aT(2 + T)(l + 6Ca) < |. (113) 



Since T < 1, it is sufficient to take 



T< T2(TT6^)- (m) 



With a and T chosen this way, the space Xt(cl) is stable under 



All it remains to do now is to prove that the application <fi : Xt(ci) — > Xt(cl) is 
contractive. So let (u,dtu) and (v,dtv) be in A/r(a). By Duhamel formula, we have the 
identity 

[<f>(u) - 4>{v)] (t) = f Sm ((f ~ S)A) (d t v + P(v.Vu) - d t u - P(m.Vm)) (s) ds 



A 

* sin((i- s)A) 



d t (v - u) + PV : (v ® v - u ® u)] (s) ds(115) 



A 

Moreover, since u and v are divergence-free vector fields, the identity 

V : (v <g> v — u (8 u) = (w — u).\7v + u.S7(v — u) (H6) 
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holds. 

Using (|115[) and (|116[) . we estimate the Xt norm of <j>(u) — <j){v). We obtain 

\\4>{u) - 4>{v)\\ Xt < T{2 + T) (1 + 12Ca) \\v - u\\ Xt . (117) 
So (j) is contractive if, and only if, T < 1 satisfies 

T(2 + T)< T _L^-. (118) 

Since T < 1, it is sufficient to take T such that 

T< 3(l + W (119) 



We conclude then that there exists a local solution u to (TVLVF), defined on the time 
interval [0,T[, for all positive real T satisfying conditions (|114[) and (|119[) . for example 

T< v . (120) 

12 + 72C g| Uo ||^3 + , (R3) + |KH A x +i(H3) + ||«i|| a4+4(rs) J 

In particular, while |jw(i)||^| +4 - (R3) + ||u(t)j|^ i +(5(R3) + ||<9 t u(<)||^i +l5(R3) is bounded, we 

can reiterate the fixed point argument and extend the solution. Let T max be the maximal 
existence time. We shall prove that T max = +oo. Following the same reasoning by 
contradiction as in the previous section, we assume that T max < +oo. This would imply 

, + ll«(*)ll • , + \\dtu(t)\\ . i +j „ — ^+oo, t^T max . (121) 



Let us resume our wave equation (NLW e ) with parameter e. The scaling © gives 

\\u{t)\\ ki+s +\\u{t)\\ kh+s +\\d t u{t)\\^ +s = e~i (yi\\u e \\ k i +s + \\u e \\ kh+s + s\\d t u £ \\ ki+ ^ 

(122) 

Indeed, for a non negative real s, we have 

iKiiL (R 3) = / ici 2fl i^(oi a de 



= £ 2 / \e s WV~eO\ 2 

Js. 3 

= £ 2 / |^=| 2 1u(r7)| 2 e-id n 
Js 3 v £ 



£3 _s lldl 2 - 



Similarly, writing d T u e (T,y) = e 2<9 t u(|-, ^L) = e ^dtu{t, we obtain 

l|5rU e ||^ (R3) = ||£-^ tU (i,^)||^ (R3) 

= e - 3 jfj$i 3 »ift«r^(oi 2 de 

- e- 3 / \e s \e^(V~eO\ 2 ^ 
Js 3 

e-i- s \\d t u\\%, (m . 
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Let us define, for positive (5, the energy 

E? + \t) = J Q|A^+V + tdtu e )\ 2 + E - \K^ +S d t u s \ 2 + e|Ai+V| 2 ) dx. (123) 



Then 

(^il^ll^^ + ll^ll^^+^ll^ll Ai+ , (RS) ) <Ce^ £ . (124) 
If we prove that \f~E~l is bounded, we can deduce that the solution u £ is global. 
3.2 Globalization 

Let S > and consider the energy Ei +S defined as above. We shall prove that there 
exists a positive constant Co such that 

E? + \t) < Coe' 5 (125) 

for all time t > 0. In this purpose, we adapt the method used in the two-dimensional case 
to three space dimensions. To get around the difficulties, we use mainly interpolations 
and product estimates. 

First, let us recall that Hi +S n L°°(R 3 ) is an algebra (see pQ) and that the inequality 

||/<7iy + . < C X (ll/IMMy+a + llfllk-ll/iy-*) (126) 

holds for all f,g G H^ +s n L°°(R 3 ). Moreover, using the embedding B^ 2 (R 3 ) C i°°(K 3 ) 
and the interpolation inequality 

ll/ll <i2(R3) <qi/ll^ +a ||/ll^- ( 127 ) 

we obtain 

ll/l|oo<C7 2 ||/|| 4 x^H/ll 1 -* . (128) 

Remark 6. In R 3 , the Navier-Stokes problem with initial data Vq in has a global 
solution if ||t>o||^i is small enough. So we could show that Ei + NEi decreases and 
deduce the globality of the solution but this method requires a smallness assumption on the 
if 3 norm of Uq which depends on S and we would have 



when S goes to 0. 

We shall prove that Ei^" ( 1 + Ei ) decreases if N is large enough and if the H 2 



Us < 



norm of u € is small enough. First, we have to prove that Ei decreases. In this purpose, 
let us compute the time derivative of the energy. 

dE) 



dt 

< 



(t) = - A^{u e .Vu E )A^u e + (e|A3( u e .Vu £ )| 2 - \A^u £ \ 2 ) 

[ u e .Vu £ .Au £ +((6C 1 ) 2 £ ||^||^-l)|| U e || 2 | . (129) 



In order to estimate the first term on the right hand side, we state the following theorem 
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Theorem 5. Let f £ H?(R d ). On a 

A/.(/.V/)| < IIA'/IUa^HAi/lll,^ (130) 
Proof. Let u £ i/i(R 3 ). First, wc use the duality between £T^(R 3 ) and H^^(R 3 ). 



iy R3 A/.(/.V/)|<||A/||. i(R3) ||/.V/||^ i(R3) . (131) 

We shall estimate the i/ _ l?(R 3 ) norm of /.V/. For this sake, let us notice that / £ 
H 1 (M. 3 ) C L 6 (R 3 ) by a Sobolev embedding. Thus, by Holder inequality, we have 

/.V/£Li(R 3 ) (132) 

since g + | = |. Moreover, we shall use the Sobolev embedding 7?^(M 3 ) C L 3 (M 3 ) on its 
dual form L§(R 3 ) C £T^(R 3 ) .Finally, we obtain 

|/ r3 A/.(/.V/)| < ||A/||^ i(R3) ||/.V/||._ i(R3) 
< IIAfll . i II f.Vfll 3 
- ll A -^il Hi( K 3)ll/lli 6 (» 3 )H v /IU 2 (R 3 ) 

Now, we use the Gagliardo-Nirenberg inequality 

ll/ll^ < ^11/11 - 11/11 (133) 

Thus 

l/ K3 A/.(/.V/)|<||/||^ (R3) ||/|| M(R3) , (134) 
which finishes the proof. □ 

Using theorem [3 we shall prove the following lemma. 
Lemma 8. Let us define < T < T™ ax by 

T = sup jo < r < Tr x : Vte[0,<r[, \\u e (t)\\ao < ■ ( 135 ) 

Assume II II ■ 1 < — and 

4<\\ A i+V^\K\\^=o(l) (136) 

1_ 

w/ien e goes to 0. T/ieri i/ie energy Ei decreases on [0,T] and we have 

i 

HF 2 1 

£ (t) < -dl« e (*)lli» (137) 



/or i £ [0,T]. 
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Proof. Let t G [0,T]. Since ||w e (t)||oo < 1 7= , inequality (|129l) becomes 

7Ci ye 

1 

£ (t)< / ^.V^.A^--||^|| 2 ^. (138) 



dt J R 3 4" "AS 

Now, theorem [5] (applied to first term on the right hand side) yields 

1 

-^-(i) < ||u e (t)|| ^IK(t)||| § -4ll« e (*)ll^ < (ll^)iy " 3 J lk e (*)ll^ f - (139) 

In i = 0, this inequality gives that Ei decreases in a neighborhood of 0. Let 

t = sup |o < f < T : £| decreases on [0, r]} . (140) 
So < r < T. Assume that t < T. On the one hand, we have 

IK(r)||^ <2£)(t). (141) 
On the other hand, for £ small enough, we have 

£1(0) < ||«§||^ +^||tt!||^ 4 +eM\\ 2 Ai <nn s \\% i (142) 
thanks to assumptions (|136[) . Adding to that the energy decay on [0,r], we obtain 

\\u B (r)\\ 2 6i < 215* (t) < 2El(0) < 4||u§||^ (143) 

so 

||u e (r)|| .1 < 2 x — = -. (144) 
11 v j\\ H ? 16 8 

thus i^e 2 decreases in a neighborhood of t and this is a contradiction with its definition. 

1 

Therefore E? e 2 decreases on [0, T] and the inequality (|137[) is true for all t <G [0, T]. □ 



Lemma 9. Assume \\u%\\ . 1 < — and 

(Fx) i) ^|K|y +5 = o(l) , ii) ^|K||- +S = o(l). (145) 

w/ien e goes io zero. 

Recall that < T < T £ max is defined by 

T = sup jo < t < T e max : Vte[0,r[, ||« e (t)|U < ^7=} ■ (146) 

TTien T > and £/iere exists a large number N , depending only on 8, and a constant 
C > 1 such that 

ES + \t) < C N Ei +5 (0) (147) 



for all t G [0, T) and e small enough. 
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Proof. Let us compute the derivative of the energy. 

4#l +5 (i) = f (^ +s {ed tt u e + d t u £ ).A^ +s {u £ + ed t u £ ) + e 2 A^ +s d t u £ .A^ +s d tt u £ - 
dt J M3 V 

+2eA^ +s u £ .A^ +s d t u^ 



{k^ +s {ed u u £ + d t u £ - Au £ ).A? +s (u £ + 2ed t u £ )+ 

+A? +s u £ .A? +s (u £ + 2ed t u £ ) - eA? +5 {ed u u e + d t u £ ).A^ +s d t u £ + 
+s 2 A? +s dtu £ .A? +s dttu £ + 2eA? +s u £ .Ai +s d t u £ ^ 



Now, recall that u £ is a solution to (NLW e ). Then 

—Ei + \t) = f f-A5 +l5 (V :u £ ®u £ ).A5 +s (u e + 2ed t u e )- A^ +s u £ .A^ +s (u £ + 2ed t u £ ) 
dt J R 3 V 

-e\Ai +s d t u £ \ 2 + 2eA? +5 u £ .A? +s d t u £ ' 



(-A? + \u £ .Vu £ ).A? +s u £ - 2eA^ +5 {u £ .Vu £ ).A^ +5 d t u £ 

3 V 

-e\A^+ s d t u £ \ 2 - \Ai+ 5 u £ \ 2 ^ 



Young 

< 



A^- +s {u £ .Vu £ ).A^ +5 u £ + / (e\A^ +s {u £ .Vu £ )\ 2 - \Ai +s u £ \ 2 ) 

./»3 V / 



Cauchy-Schwarz inequality followed by (fT4")l and (|126[) yields 

l/ Ai +5 {u £ .\7u £ ).A^ +s u £ \ < \\u £ .\7u £ \\ . i +s \\u £ \ 

JR3 h ^ 



. 1 



+ 5 



< 3x2Ci|| U e || 00 || U e || Ai+ ,|| U e ||^ +4 

< 6C 1 ||u e || 00 ||u e ||^ §+4 ||u e ||^ i+i . (148) 



Thus, back to (|148|l . we have 

I / A* +4 (u e .Vu e ).A* + V| < 6d\\u £ 



\U \\ ■ 3 , 1 U • 1 



< edftiiu-H^lk'll^ 

< 6C 1 c 2 ||« e || A4+ ,|| u e ||^ i+ ,||« e ny f +4 

where we have used another interpolation inequality between and if' ; 

11/11 - + ,<C3||/||^||/||^3. (149) 

Furthermore, the inequality 

/ (e\Ai +5 (u £ .Vu £ )\ 2 - \A? +S u £ \ 2 ) < ((6Ci) 2 e||u E ||^ - l) / |Ai+V| 2 

holds if 

||« 8 (*)||oo < -^rj= e - (151) 
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For e small enough, this condition is ensured in t = thanks to assumptions (Hi). By 
continuity of the local solution u e with respect to the time variable t, we deduce that 
T > 0. Let t < T. 
A Young inequality yields 



< 52 2 —{QC 1 C 2 C^\\u e (t)\\ z —\\u"{t)\\l 3 _Er{t) 



V H * 



\\u^t)f ki Et\t) 



< m (3CiC 2 c 3 )7|K(t)|| 2 3 Er°(t). 

H 2 

To alleviate the notations, let us set K = K(S, Ci,C 2 ,C 3 ) = 166 (3CiC 2 C 3 )i. 



As above, in subsection 12.21 we prove that Ei 1 " ^1 + Eg\ 
small enough and TV large enough. 
Let < t < T and TV > 0. 
We have 



decreases on [0, T) for e 



d_ 

di 



< 



< 



i\JV-l i 

Ei 



l + Ei 



l\ N dE t 



i+5 



dt 



■(*) 



K(l + E*(t) 



\u%t)\\ 



H2 



1 +£!(*)) £l +5 (t) 



+ A-(l + 2!|^|| 2 fi ) ||u e (t)||^ (l + ElC*))^" 1 ^^) 



Inequality (| 143)) yields 



c/T 



i+5 



JV 



-^ + ^K)\\u s (t)\\l i (l + Ei(t) 



8 128 



JV-1 



E? +5 {t). 



(152) 

Now, taking A > 8A x f§ = 129(5 (3C*iC*2C 3 )7 , we prove that £| +<S (l + E|) decays 
on [0,T]. So 



i+<5 



(t) < £# T "(0) ( 1 + £#(0) ) < Er"(0) ( — 



N 



129 



for t e [0,T] 



(153) 
□ 



Lemma 10. Assume the limit 

e 1+ i\\ul\\^ +5 ^0 , e^0 (154) 
in addition to the assumptions (Hi) and (|136[) . Then we have 

E? +S (0) =o(e~ s ) . (155) 
Moreover, for all t € [0,T[ and e small enough, the inequality 

KIU < ^ d56) 

Tio/ds. 

Wc skip the proof here as it is analogous to the one of Lemma[5] As above, this lemma 
implies the inequality (|125[) and the globality of the solution u £ . 
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3.3 Convergence towards a solution to (NS) problem 

The aim of this subsection is to prove an error estimate in the L^'L 2 (M 3 ) 3 norm like in 
the two-dimensional case. More precisely, let Vq € H s+ ^ (R 3 ) 3 , s > 0, be the initial data 
for the Navier-Stokes equation (JTJ> and (ug.uf) e H% +s x i^+ 5 (R 3 ) 3 , 5 > 0, be the initial 
data for the damped wave equation (|3]). We will prove that, if ||zt§ — vq\\^ 2 = 0(e s ), then 
for all positive T, we have 

sup \\(u e -v)(t)\\ 2 L2 =o(s m ^ s ^). (157) 
te(o,T) v 7 

Remark 7. The natural space for the convergence is L^?iJ5(R 3 ) 3 but we were unable to 
show the error estimate in this space as we needed a Kato-Ponce type inequality which is 
unavailable (see Remark^). 

In the following, we use again the method in section 12.31 So let us consider again the 
Dafcrmos modulated energy defined by 



I (hu £ -v(t,x)+ed t u e \ 2 + ^-\d t u £ \ 2 +e\Vu £ \ 2 ') dx (158) 

for all divergence-free vector v. As above, this energy satisfies the inequality 

/ \u £ - v\ 2 dx < 4£ e , v (t). (159) 

We shall show that the assumptions © in Theorem [2] and a Gronwall inequality imply 
that 

Vt>0, S £tV (t) = O (s min ^y (160) 
Let us recall the derivative of £ F ,, : 



d_ 

dt 



£ s , v (t) = / w.V : (u £ - v) (8 (u £ - v) dx - e / \d t u £ + V : u £ ® u £ \ 2 dx 
-e [ d t v.d t u £ dx+ [ (e|V : (u £ ®u £ )\ 2 ~ \X7(u £ -v)\ 2 ) dx 
+ / (dtv + v.Vv- Av).(v - u £ )dx. (161) 



As above in section |2"3I we take v solution to dtv + v.Wv — Av = in the following, so 
that the last term in identity (|161[) vanishes. Moreover, the second term in (|16ip being 
negative, we have 

— £ E , v (t) < — s f d t v.d t u £ dx+ f v.V : (u £ — v) <g> (u £ — v) dx 

+ / (e|V : (u £ <g> u £ )\ 2 - \V{u £ - v)\ 2 ) . (162) 



We will estimate the three terms on the right hand side in the following three subsections. 

3.3.1 Estimating e ^J^ 3 dtu e .dtvdtdx 

First, similarly to the two-dimensional case, we know that 

ll £ MU*W = 0(e^). (163) 
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For the proof, use the decay of the energy 

Ei(t) = J (^\AHu s + ed t u £ )\ 2 + ^\Aid t u E \ 2 + e\A^u £ \ 2 j dx. (164) 

Now, let us consider v solution to the Cauchy problem 

d t v = Av - PV : (v <g> v) , V.w = , u| t=0 = v G i? s+ 3 (K 3 ), s > 0. (165) 
We know that 

v G L%H s+ i n L^H S+ ^ (166) 

so we have obviously Av G L\H~^ and, using the sobolev embedding H s+ i C L°°(R 3 ) 
and that L°° n i?^(R 3 ) is an algebra, we prove that 

v®v£L%H% (167) 

which implies that 

d t v G L^H-i(R 3 ). (168) 
(|163[) and (|168|l yield the estimation 

1 

'0 JR 3 



:/ / d t u £ .d t vdtdx = O (y/e) . (169) 
in 7k 3 



3.3.2 Estimating JqJ r3 v.V : (u £ — v) ® (ii e — v) dx 

In order to apply the argument in the second subsection of part 12.31 let us recall that 
v(t) G iji(R 3 ) C BMO(M?) and that u £ ,v G iJ^R 3 ) are divergence-free. The div-curl 
lemma and inequality (|159[) yield 



v.V : {u £ -v)®{u £ -v)dtdx < 2c 2 / \\v\\ 2 BMO £ e . v {t) dt- - / || V(u £ - u)||£ 2 di. 
o Jr 3 Ja 2 Jo 

(170) 

At this level, we have the following estimate: 

£ e , v (T) - £ e , v (0) < 2c 2 / \\vf BMO £ e , v (t)dt + 0(Vi) 

Jo 

+ (e\\V:u £ ®u £ \\ 2 L2 -±\\V(u £ -v)\\l?j(t)dt. (171) 

Let us set 

J A £ (t)dt := (s\\V : u £ ®u £ \\ 2 L2 - i||V(u £ - u)||£a^ (t)dt. (172) 
It remains to estimate the last term A £ (t) dt. 
3.3.3 Estimating A £ (t)dt 

We treat this term exactly the same way as in section \2. 31 First, let us exhibit a term in 
u £ — v that is bound to vanish: 

V : (u £ <g) u £ ) = u £ .Vu £ = u £ .V{u £ - v) + u £ .Vv (173) 
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then a Young inequality yields 

||V : (u £ ® ^)||| 2 < 2\\u s .V(u s - u)||£ a + 2\\u\Vv\\ 2 L2 . (174) 

So we have 



A%t) = £ \\V:u^uml 2 --\\\/^-v)\\l 2 



< 2e\\^.V(u- - v)\\ 2 L2 + 2e\\u\Vv\\ 2 L2 - ±\\V(^ - v)\\ 2 L2 

< (sell^HL - 5) HV(u £ - wJHi, + 2e\\u^.Vv\\l 2 . 
Therefore, using that ellw^H^, = O (e s ) and that v £ L^H 1 , we obtain 



f A°(t)dt < 2 £ ||^||Ll|Vi.|||, i2 = 0(e s ) (175) 
Jo 



if e is small enough. 



Remark 8. If we study the convergence in the L^H? norm instead of the L^L 2 one, 
we need, at this point, to estimate ||u £ .Vu e ||^i 
going to zero as e goes to zero (see Remark^. 



we need, at this point, to estimate \\u £ .Vu E \\ . 1 by C||u £ || 00 ||'u e || . 3 + K(u e ), with K(u e ) 

H 2 H 2 



3.3.4 Conclusion 

Finally, we have 

£e, v {T)<2c 2 [ \\v\\ 2 BMO S £ , v (t)dt + O(^)+O{£ s )+£e,v(0)- (176) 
Jo 

Assuming that 

IK - v\\ L 2 + £\\u\\\ L 2 + sTe\\ul\\ kl = O (e*) , (177) 
we have immediately the estimate 

£ E , V (0) = O (£ s ) . (178) 
Let us recall that v £ L 2 r,BMO(M 3 ). Gronwall lemma implies that 

£ e , v (T) = o(f oin( ''$A . (179) 
Now, (|159[) yields the announced error estimate and the proof of Theorem [5] is complete. 
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